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BOUNDARY VALUE PROBLEMS FOR EQUATION cy" = f ( x ,  y ,  y ' )  
FOR SMALL VALUES OF E 

N .  I. Brish 
Mathematics I n s t i t u t e  imeni V.A. Steklov, USSR Academy of Sciences 

(Presented by Academician I. G .  Petrovskiy,  January 19,  1954) 

ABSTRACT. The behavior of s o l u t i o n s  of several 
boundary va lue  problems f o r  the equat ion EY" = f ( x ,  y ,  
y ' )  when E tends toward zero i s  s tud ied .  Theorems 1-6 
are formulated,  and t h e  proof of t h e s e  theorems i s  
presented.  

I n  t h i s  r e p o r t  w e  w i l l  s tudy t h e  behavior of t h e  s o l u t i o n s  of several 
boundary va lue  problems f o r  t h e  equation 

sy" =f (X,Y,Y ' )  @>0) (1) 
when E t ends  toward zero.  I n  t h e  case where f ( x ,  y ,  y ' )  E A(x, y , > y '  + B(x, y ) ,  
t h e  f i r s t  boundary va lue  problem -- i .e . ,  t h e  problem wi th  t h e  boundary con- 
d i t i o n s  y ( a )  = yo, y(b)  = y1 -- i s  examined i n  (Refs. 1, 2 ) .  Oleynik and Zhi- 

zh in  (Ref. 3) have a l s o  s tud ied  t h e  f i r s t  boundary va lue  problem i n  t h e  case 
i n  which f ( x ,  y ,  y ' )  E A(x, y)y '  + F(x,  y ,  y ' ) ,  where F is  a bounded funct ion.  

For t h e  s o l u t i o n s  yE (x) t o  equation (1) i n  t h e  i n t e r v a l  [a ,  b]  which 

Yc ( ( l )  = 3'8 ( 6 )  = 0, 
s a t i s f y  boundary cond i t ions  

(2) 
t h e  fol lowing theorems are v a l i d :  

a Q x - w  < d ,  equation (1) has a solution y,(x) satisfying conditions (2) 
for every su f f i c i en t l y  small E 0; (2) the derivative y '  (x) for every st ipu- 
tated E i s  a bounded function of x in [a,  b ] ;  ( 3 )  function f i s  continuous to- 
gether with derivatives fx, fy, and f , i n  region G:  ~ L < x <  b ,  ly I<d,  l y ' f < c - ~ ;  

@ l f @  -k < 0 on G; then on [a,  b ]  solution u (x )  ex i s t s  t o  equation 

Theorem 1. If the follozLzing conditions are f u l f i l l e d :  (1) i n   interval 

E 

Y 

f ( x ,  a, I&') = 0, (3) 
which s a t i s f i e s  condition u (b )  = 0, and equations 

k - - (x-a) 

ly. (x) - IC (x) I I u (a) I eCJr-n) e 4 C28, (4) 

(5) k ' c; --(J-u) 
I$ (x) - 11' (x) I .< e +Ciz, a + ~ < x < 6 ,  

hold t rue ,  where C1, C2, C;, and Ci 

s a t i s f i e d  i f  f (x ,  y ,  0) > 0 and 

are constants not depending on E .  

L e t  u s  n o t e  t h a t  cond i t ions  (1) and ( 2 )  of Theorem 1 w i l l  always be  
lf(%y,...')l - S I ( ( i  +Y''), where 

Y 
* Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  the  o r i g i n a l  fo re ign  text .  
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K i s  constant  (Ref. 4 ) .  

Theorem 2. If the following conditions are fuZf i l led:  (1) sozution u(x) 
t o  equation (3), on condition that  u ( b )  = 0,  e x i s t s  i n  [a,  b ] ;  ( 2 )  function f 
i s  continuous together &th derivatives f x ,  f y ,  and f$ i n  region G :  (L \<x <bB 
I Y - W ) I ' \ < d ,  - Iy'I<*; jd>O,u(u)-d<<< u ( a ) + q ;  ( 3 )  f , , . , < - k < O  

i n  G: ( 4 )  If ( X ,  J', Y' )  I < X (  lY' I ) i n  G, where x ( z )  i s  a continuous posi t ive  f u m -  

t i on  when 0 5 - z < 1 , then f o r  every su f f i c i en t l y  

smaZ1 E > 0 equation (1) has a soZution yE(xl which s a t i s f i e s  conditions (21, 
and inequal i t ies  ( 4 )  and (5) hold true.  

/430 
00 

and such tha t  S = 
0 

Proof.  Functions 

1%(x, y ,  u'(x))J 2 Z, Iuf l<x)I  ZM, s a t i s f y  i n e q u a l i t i e s  EW"(X) < f ( x ,  W(x), 
?TI' (x ) )  , E ~ " ( x )  > f (x , w(xJ E' (x)) 
of E > 0. I n  add i t ion ,  
when a < x < b.  

on [ a ,  b] f o r  a l l  s u f f i c i e n t l y  s m a l l  va lues  
- - 
(,, (tl);:.(),o(h)>-O, .)(a) < 0 ,  ~ ( b )  GO , and w(x) < W (X) 

Hence i t  fol lows by v i r t u e  of t h e  theorem advanced by Bernshteyn (Ref. 5) 
t h a t  s o l u t i o n  y (x) exists, and inequa l i ty  Q ( F )  <Y,(x) \<G (x) 
t h i s  i n e q u a l i t y ,  w e  de r ive  inequa l i ty  ( 4 ) .  
Theorem 1. 

holds.  From 
E 

Inequa l i ty  (5) fol lows from 

L e t  u s  n o t e  t h a t  Theorem 2, as follows from Bernshteyn (Ref. 4 ) ,  may 
prove t o  be f a l s e  i f  condi t ion  (4) i s  not  f u l f i l l e d .  

L e t  u s  examine several cases  where condi t ion(3)  of Theorem 2 i s  not  f u l -  
f i l l e d .  L e t  us  assume t h a t  equation (1) has t h e  form 

EyY= ' , ( X ' Y )  I (E > 0). (1') 

funct ion $(x)  i n  [a ,  b ]  such that  Y (x, $(x)) = 0; ( 2 )  function YJ i s  continuous 
together with derivative 'Y 

a1 ( X I  and a2 ( x )  are functions, continuous i n  [a,  bl,(a, ( x )  < 0 < a2 (xjB p (u) t a1 in)i< 

Theorem 3. If the following conditions are f u l f i l z e d :  1 )  there i s  a 

i n  region B:  4 x < b ,  aI'(-r) 4-1'- ? ( x )  \< z2 (xzl where Y 

<u<Y(a)+a , (a ) ,T (b )+  a i ( b ) < o < ? ( b ) + a , ( b ) )  (3)  Y y  ~m > 0 i n  

2 



B , then f o r  every su f f i c i en t l y  small 
unique solution y f x )  which sa t i s f i e s  

E 

value o f  E > 0 equation ( I  '1 has 
conditions ( 2 ) .  The solutions y, 

i n  B the 

converge uniformly i n  [a  + 6 ,  b -61 ( 6  > 0) t o  4fx)when E > 0, and E s t r ives  to- 
ward zero. 
t i ab  l e ,  then 

where 1 4 f x )  I L M. 

I f ,  i n  add{tion, the function $ h L  i s  twice continuously dcfferen- 

0-4 - E ( b - . t )  M~ ~ IY&) - d x )  I < I  y (a) I e + I ? (b )  I e 3- ;* 

I n  t h e  case where f ' $ 0 ,  t h e  following theorem i s  t r u e :  

Theorem 4 .  
Y 

Let us assume that  the following conditions are f u l f i l l e d :  
(1) some continuously di f ferent iable  solution u ( x )  t o  equation ( 3 )  e x i s t s  i n  
[a,  b ] ; ( 2 )  function f i s  continuous together with derivatives f and f I i n  

Y Y 
region G: u 4 x,< 6, ly - u. ( x )  1 < d ,  ly' I < 00 (d  > 0,u. b) --d < 0 < u  (u) +d, '  
u ( b )  - d <O < (6) f &* 13) there are numbers 8, > 0,6, > 0 (a, + Z2< 6 - a), &> 0 1 

and k2 > 0 such tha t  f y  I L - -kl when a 5 x 5 + 
u(a )  # 0; f y l  2 k 2  when b - 6 2 =  < x L - b and (x, y ,  y ' )  €G, i f  u (b )  # 0; 4 )  

f y ( x ,  u (x ) ,  u' ( x ) )  > 0 when a 

2 i s  f u l f i l l e d  i n  G.  Then f o r  every su f f ic ien t ly  small value of E > 0 equation 
(1) has a solution y E ( x )  which sa t i s f i e s  conditions ( 2 )  such that y E  ( x )  +. u ( x )  
when E +. 0 uniformly i n  any interval obtained from [a,  b ] ,  excluding any 
neighborhoods near i t s  ends where u ( x )  does not become zero. 
U ( X )  i s  a function which i s  twice continuously di f ferent iable ,  then 

and (x ,  y, y ') € G ,  i f  1431 

+ 61 z x  - b - 62;f5) condition ( 4 )  of Theorem 

I f  moreover 

where el, C2, ami Cg are constants not depending on E. 

The proofs  of Theorems 3 and 4 a r e  s i m i l a r  t o  t h a t  of Theorem 2 .  

Let  us examine on [a, b] t h e  so lu t ions  y,(x) t o  equat ion (1) which s a t i s f y  

cond i t ions  

Rye(a )  f R ' y e  (a)  = 0 (1 2 I f 1 a' I > 0); 
( 6 )  

i3ya(b) + YY:(~) = 0 < I  F I 4- I 8' I > 0). 

I n  t h e  case when a' # 0, t h e  following theorem i s  t r u e :  

Theorem 5. Let us assme that equation ( 3 )  has a solution u ( x ) o n  [a,  b ]  
For every such solution u ( x ) ,  which s a t i s f i e s  condition Bu(b) + B'u'(b) = 0 .  

l e t  us assume that  the following conditions are f u l f i l l e d :  (1) function f i s  
continuous together w i t h  derivatives fx, f y ,  and f I i n  region D:  

Y 



I 

b 

where a '  # 0, d ,  h, and C are posi t ive  constants and r ( x )  i s  a posi t ive  con- 
tinuous function on [a, b ] ;  (2) f B f  5 -k < 0 i n  D; (3) r.'fu(b,t~(b),-tL'-(b)) 
-e fu f (b , rr (b) lu ' jb ) )=r"O.  m e n  for every su f f ic ien t ly  m a l l  vaZue of E > 0 and for  

every u(x) equation (1) has a unique solution yE(x) which s a t i s f i e s  conditions 
( 6 ) .  Moreover, inequal i t ies  

I y. ( x )  - u (4 I < G e ,  

ho2d where C and C2 are constants independent of E. 1 

Proof.  Constants d = d*, h = h*, C = C* and func t ion  r ( x )  = r*(x) may 
be  f ixed  such t h a t  i n  region a & x & b y  Iy - u(x) I 
s o l u t i o n  u(x) and 

d* t h e r e  i s  only one 

p' f v  ( b ,  y ,  j) - Fff (b*  _rl $1 + 0, (8) 

i f  p o i n t  ( b y  y ,  y ' )  ED*. 
satisfies cond i t ions  'y,(a, p) = [&(a) + p, $ ( a ,  p) = - - [ ~ ( a )  + . P I ,  
parameter,  and u ( x ,  p) i s  a s o l u t i o n  t o  equat ion (3)  on cond i t ion  t h a t  u ( a ,  u ) =  
= u(a )  + u .  

L e t  yE(x ,  u )  be the  s o l u t i o n  t o  equat ion (1) which 
a 
a' 

, where u i s  a 

Using t h e  lemma of Nagumo (Ref. 6 )  , w e  can prove t h a t  y (x,  p) and / 4 3 2  
E 

y i  (x, u )  exist  i n  [a ,  b] f o r  a l l  s u f f i c i e n t l y  small  values  of Iu I and E > 0. 

Moreover, t h e  fol lowing i n e q u a l i t i e s  

By v i r t u e  of r e l a t i o n s h i p s  (8) and (9) , w e  f i n d  u = u*, Iu*l  < COc (Co a 

c o n s t a n t  n o t  dependent on E )  such t h a t  ByE(b, LI*) + B'y'E(b,  p*) = 0 f o r  a l l  

s u f f i c i e n t l y  s m a l l  va lues  of E .  

s o l u t i o n  i n  t h e  r eg ion  a - -  x b y  
from i n e q u a l i t i e s  (9) .  

Therefore y (x, u*) = yE'(x) i s  t h e  des i r ed  

I n e q u a l i t i e s  (7)  fol low 
E 

Iy - u(x) I 5 - d*. 

i)yc(xl ') s a t i s f i e s  t h e  equat ion Function 'zp~ (x) = 
dtL 

sw" - fu . (x ,  J'& (x, p), y; (x, p)) w' - fy (.w* (% 1 9 9  J< (.% PI) 7c' = 0 
and c o n d i t i o n s  w(a) = 1, w'(a) = -a/a'. Hence, according t o  Kamke's congruence 
theorem (Ref. 7)  i t  fol lows t h a t  e i t h e r  Bw(b) + B'w'(b) > 0 o r  Bw(b) + B'w'(b) < 
< 0 f o r  a l l  s u f f i c i e n t l y  s m a l l  values  of E .  

above y (x) i s  unique i n  the  region a x 
Consequently, t h e  s o l u t i o n  found 

b y  I y - u(x)I L - d* f o r  every 
E 
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s u f f i c i e n t l y  s m a l l  va lue  of E .  

I , 
I f ,  however, a' = 0 ( B '  # 0 ) ,  then the following s ta tement  may be  proved: 

I Theorem 6. Let equation (3) have i n  [a,  b ]  a solution u(x) sat is fy ing 
condition Bu(b) + B'u'(b) = 0. 
(2), (3) and ( 4 )  of Theorem 2 be sa t i s f ied  for every such solution u(x). Then 
for every su f f i c i en t l y  small value of E > 0 and f o r  every u (x ) ,  equation (1)  

inequal i t ies  l i k e  ( 4 )  and ( 5 )  hold. 

Further, l e t  conditions (3) of !Theorem 5 

I 
1 has a solution y E ( x l  which s a t i s f i e s  condition ( 6 )  (a '  = 0,  B ' # 0 ) .  Here, 

L e t  u s  no te  t h a t  t h e  case E < 0 reduces t o  t h e  case under cons idera t ion  
i f  w e  make t h e  s u b s t i t u t i o n  x = -t. 

I would l i k e  t o  express  my profound g r a t i t u d e  t o  sc ience  teacher  I. G .  
Petrovskiy.  
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